ABSTRACT Three-directional box-splines are particularly well-suited to interpolate and approximate hexagonally sampled data. In this paper, we propose a computationally efficient end-toend reconstruction process. First, we introduce a prefiltering step that is based on a quasi-interpolation scheme using lowcomplexity finite-impulse-response (FIR) filters. Second, we derive a closed analytical expression for three-directional box-splines of any order that leads to a fast evaluation of the spline surface. All operations act locally on the data, and thus are well adapted to applications dealing with large images. To demonstrate the feasibility of our method, we implemented the complete procedure and we present experimental results.
INTRODUCTION
The representation of sampled data by means of a discrete/continuous model is essential for common tasks such as interpolation and resampling. Polynomial spline models based on separable B-splines are well suited for images and other 2-D data sampled on the Cartesian lattice [1] . Boxsplines are a multi-dimensional extension of B-splines [2] that have found many practical applications [3] . Among the large box-spline family, three-directional (non-separable) box-splines are ideally matched to the hexagonal lattice [4] , since they exploit its highly praised isotropy and twelve-fold symmetry [5, 6] .
A box-spline surface is a weighted sum of box-splines placed on the lattice sites. These weights (or box-spline coefficients) have to be computed by filtering the samples. The classical approach is to satisfy the interpolation condition; this solution can be obtained by an IIR filter but there is no efficient implementation in the hexagonal case. Here, we introduce an alternative high-quality algorithm based on quasiinterpolation which involves low-complexity FIR filters.
Once the box-spline coefficients are found, the spline surface needs to be evaluated at the desired locations; e.g., for [7, 8, 9] . Here, we propose a new characterization of three-directional box-splines, which provides a closed analytical formula that can be evaluated efficiently. The key idea behind our approach is to express the box-spline as the convolution of a particular Green function and a discrete filter. After the preliminaries in Sect. 2, we propose the quasiinterpolation FIR prefilters in Sect. 3 and the fast box-spline evaluation in Sect. 4. The combination of both elements leads to an efficient end-to-end reconstruction scheme for hexagonally sampled data. , and can be defined as follows [2] : (j(w, ri))(j(w, r2))(j(ed, r3)) ( 
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The box-splines x (x) have a hexagonal compact support and twelve-fold symmetry, as illustrated in Figs. 1 and 2 . In Sect. 4, we provide analytical formulas for these box-splines. From approximation theory, we know that f -fo L2 can be predicted very accurately by the quantity [10] 
etxn (eL}) using axn [k] = vX2n(Rk) (discrete autocorrelation of xn).
In practice, most of the image energy is concentrated in the low-frequency part of the spectrum, which implies that the error is dominated by the behavior of the kernel at the origin.
Asymptotically at w = 0, we have Emin (w)) (= 0 ( 4 1 n), which is a lower bound for the approximation quality, related to n but independent of p. 
Thus our design consists in finding p(w) having a desired Taylor development up to a chosen order. Note that (8) implies that we have quasi-interpolation of order 2n [10] . The interpolation prefilter Pint does not verify (8) , which means that we can potentially achieve better approximation quality than with interpolation. So, we look for minimal complexity FIR prefilters with twelve-fold symmetry, using the simple design in (9) with N = 2n + 1. 
EFFICIENT CHARACTERIZATION OF THREE-DIRECTIONAL BOX-SPLINES
In the 1-D case, a uniform polynomial spline can be expressed similarly to (2) , e2) )n, (10) where Dv f (x) limt0 (f (x + tv) -f (x))/t. In that case, the (separable) generating function is (X)n+I(n!)2 (X,)n (X2)n /(n!)2 and the corresponding localization operator A n(z) = An(Z)Ain (Z2). Inspired by this construction of B-splines using Green functions, we propose an extension for three-directional box-splines on the hexagonal lattice.
From differential operators to generating functions
In order to construct the three-directional box-splines, we introduce the differential operator Ln LD12 D'2 D , n > 1. Its Fourier transform, in the sense of the distributions, is L() 2(j ,r1)1n(jw, r2 ))n(jw,r3)12 (11) /3- ( 12) 2)2 1n2 v/J-+ (13) Notice that the functions t'2l 12 and pn all have the same wedge-like support; they are causal in x1 and symmetric in X2, as shown in Fig. 3. 
From generating functions to box-splines
In the Fourier domain, the generating function pn corresponds to x 1 without its numerator in (4). The remaining term can be identified by introducing the discrete filter A depicted in Fig. 3: A(Z) = (1z1 1)(1 -z2 1)(Z12 -1)- (14) Using the property r3 = r1 + r2, we find that A1n(W) A(exp(j w(, r )), exp(j w(, r2 )))n is exactly the numerator of (4). We can explicitly find the filter coefficients of A1n by expanding the n-th power of the Z-transform of (14). By collecting the coefficient in front of the term z-ki 2-k2, we get, for every kl, k2 C Z,
(15) Putting together (14), (11) , and the fact that Ln(w)p1n() = 1, we find that x-n(w) A=n(W)p-n(W). [12] . Notice that the computational complexity is polynomial in n, compared to exponential for the general recursive methods described in the literature [7, 8, 9] . For example, the evaluation of x3 (1, 1) running our Matlab code on a PC took 0.002s, while 47s were required for the same operation using the Matlab code proposed in [8] .
The fast evaluation of the box-splines xn makes it easy to evaluate the spline surface f(x) at any point x using (2), which makes the sum finite since xn has a compact support.
RESULTS & CONCLUSION
Both the prefiltering step and the box-spline evaluation were implemented in Matlab and C to show the feasibility of the proposed method. An example of "zooming" for hexagonally sampled data is illustrated in Fig. 4 : the box-spline surface has been evaluated on a high-resolution Cartesian grid.
The reconstruction method is completely local: both the FIR prefilter and the box-spline basis function have finite support. This makes the approach particularly attractive for applications that need to handle large images. Additionally, it can capitalize on the better approximation quality of the hexagonal lattice compared to the Cartesian one [13] . Due to its smoothness, the case n = 2 could be particularly interesting for high-quality 3-D visualization of box-spline surfaces.
